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Abstract
An outer-torus triangulation G with n vertices is a xed embedding of a simple graph on
the torus such that there is one face bounded by a cycle of length n and other faces are all
triangular. We show that any two outer-torus triangulations with the same number of vertices can
be transformed into each other by a sequence of diagonal ips, through outer-torus triangulations,
up to homeomorphism. c© 2000 Elsevier Science B.V. All rights reserved.
1. Introduction
Throughout this paper, we deal with only simple graphs (i.e., graphs without loops
and multiple edges) which have already been 2-cell embedded in closed surfaces. For
a graph G on a closed surface, we denote the vertex-set, the edge-set and the face-set
of G by V (G); E(G) and F(G), respectively.
A triangulation G of a closed surface F2 is a simple graph on F2 such that each
face is bounded by a 3-cycle and any two faces share at most one edge. (A k-cycle
is a cycle of length k.) The second condition is needed only to exclude K3 from the
spherical triangulations.
Let G be a triangulation of a closed surface F2. Suppose that ac 2 E(G) is shared
by two faces abc and acd. A diagonal ip of the edge ac is to replace ac by bd, as
shown in Fig. 1. If the resulting graph by a diagonal ip is not simple, then we do
not apply it.
For the sphere, the torus, the projective plane and the Klein bottle, it has been shown
that any two triangulations with the same number of vertices can be transformed into
each other by a sequence of diagonal ips, up to homeomorphism [2,11,12]. Negami has
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Fig. 1. A diagonal ip.
shown in [6] that any two triangulations of the same closed surface can be transformed
into each other by diagonal ips, up to homeomorphism, if they have the same and
suciently large number of vertices. This theorem is a starting point of many researches
for diagonal ips in triangulations done in [1,4,5,7{10].
In this paper, we consider diagonal ips in other kind of triangulations. An outer
triangulation G of a closed surface F2 is a simple graph on F2 such that there exists
a specic face F of G, called the outer face, on whose boundary each vertex of G
appears exactly once, and other faces are all triangular. (The boundary cycle of F is
called the boundary of G.) Since a diagonal ip is applied in a quadrilateral region
formed by two adjacent triangular faces, a diagonal ip in an outer triangulation G
must be applied for edges not on the boundary of G.
It is easy to show that any two outer triangulations of the sphere (i.e., maximal
outer-plane graphs) with the same number of vertices can be transformed into each
other by diagonal ips. Moreover, it has been shown in [3] that the same fact holds
for outer triangulations of projective plane. Mimicking Negami’s argument in [6], one
will be able to show that two triangulations on a punctured surface with the boundary
cycle of xed length can be transformed into each other by a sequence of diagonal
ips if they have the same and suciently large number of vertices. However, they
have to include many vertices not lying on the boundaries. It seems to be dicult to
establish a similar theorem for outer triangulations of general surfaces.
In this paper, we consider the toroidal case and show the following theorems. We
call an outer triangulation of the torus simply an outer-torus triangulation.
Theorem 1. Any two outer-torus triangulations with the same number of vertices can
be transformed into each other by a sequence of diagonal ips; up to homeomorphism.
To show Theorem 1, we prove the following theorem which is more elaborated with
respect to the minimum degree. In general, the minimum degree of outer-torus trian-
gulations is at least 2. However, if given two outer-torus triangulations have minimum
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Fig. 2. The unique outer-torus triangular embedding of K6.
degree at least 3, then we can preserve the minimum degree at least 3 in the sequence
of diagonal ips connecting them, as in the following theorem.
Theorem 2. Any two outer-torus triangulations with minimum degree at least 3 can
be transformed into each other by a sequence of diagonal ips; up to homeomorphism;
preserving the minimum degree at least 3; if they have the same number of vertices.
We also consider the vertex-labeled version of Theorem 1. The vertex labeling of
a graph T with n vertices is a bijection  :V (T ) ! f1; : : : ; ng. Let G and G00 be
vertex-labeled outer-torus triangulations with n vertices whose boundaries are labeled
by 1234    n and 1324    n, respectively. Since no diagonal ip can move edges on
the boundary of G and G00 ; G and G
0
0 cannot be transformed into each other by a
sequence of diagonal ips so that their vertex labelings completely coincide. Thus, a
necessary condition for two vertex-labeled outer-torus triangulations to be transformed
into each other by diagonal ips is that the vertex labelings of their boundaries are
equivalent, up to cyclic permutation.
Theorem 3. Any two vertex-labeled outer-torus triangulations with the same number
of vertices can be transformed into each other by a sequence of diagonal ips; up to
homeomorphism; if and only if the vertex labelings of their boundaries are equivalent;
up to cyclic permutation.
By the same extension, Theorem 3 with the minimum degree condition also holds.
It has been shown that the triangulation of the torus with the fewest number of
vertices is the unique triangular embedding of the complete graph K7 with 7 vertices.
Removing one vertex from this yields K6 in which there is one hexagonal face on
whose boundary all the vertices appear, and other faces are all triangular. See Fig. 2,
where the rectangle shows the torus by identifying the opposite sides in parallel and
the dashed segments never express edges of the graph. Throughout this paper, we use
such a presentation for the torus. Clearly, this is the smallest outer-torus triangulation.
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In order to show our main theorem, we also show that any outer-torus triangulation
can be transformed into the outer-torus embedding of K6 by contractions of edges on
the boundary and diagonal ips of edges not on the boundary.
2. Pseudo-minimal outer-torus triangulations
Let G be an outer-torus triangulation and let F be the outer face of G and C the
boundary cycle of F throughout this section. Let e = xy 2 E(C) such that xyz(6= C)
bounds a triangular face of G. The edge-contraction of e (or simply contracting e) is
to contract e and replace the multiple edges fxz; yzg by a single edge. Note that an
edge-contraction is dened only for edges on the boundary. An edge e 2 E(C) is said
to be contractible if the graph obtained from G by contracting e is also an outer-torus
triangulation, that is, one without loops and multiple edges.
An outer-torus triangulation G is said to be pseudo-minimal if
(i) G has no contractible edge, and
(ii) no sequence of diagonal ips can transform G into one with contractible
edges.
For example, K6 is a pseudo-minimal outer-torus triangulation since it has
no contractible edge and every diagonal ip transforms this into a non-simple graph.
(Throughout this paper, we denote the unique outer-torus triangular embedding of K6
by simply K6.)
This section is devoted to showing the following theorem.
Theorem 4. Every outer-torus triangulation can be transformed into K6 by a sequence
of diagonal ips and edge-contractions; up to homeomorphism.
Clearly, it suces to show that the only pseudo-minimal outer-torus triangulation is
K6. So we show that any other outer-torus triangulation is not pseudo-minimal.
Lemma 5. If jV (G)j>7; then G has a vertex of degree at most 4.
Proof. By Euler’s formula, we have
jV (G)j − jE(G)j+ jF(G)j= 0:
Since F is bounded by a cycle of length jV (G)j, and other faces by 3-cycles, we have
jV (G)j+ 3(jF(G)j − 1) = 2jE(G)j:
Eliminating jF(G)j by the two equations, we obtain
2jE(G)j= 4jV (G)j+ 6:
Thus, the average degree d(G) is
d(G) =
2jE(G)j
jV (G)j = 4 +
6
jV (G)j :
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Since jV (G)j>7, we have d(G)< 5. Therefore, G has a vertex of degree at
most 4.
Lemma 6. If G is pseudo-minimal; then G has no vertex of degree 2:
Proof. Suppose that G has a vertex v of degree 2. Let x; y be the neighbors of v
and the edge xy is supposed to be shared by two triangular faces vxy and uxy. After
replacing the edge xy with uv by a diagonal ip, we can contract vx in the resulting
graph G0 since xy 62 E(G0), contrary to the pseudo-minimality of G.
Let D be a closed curve (or a loop) on a closed surface F2, that is, a continuous
function D : S1 ! F2 or its image, where S1 is the one-dimensional unit sphere. We say
that D is trivial if D(S1) bounds a 2-cell on F2, while D is essential otherwise. Two
simple closed curves (or loops) D1 and D2 on F2 are said to be homotopic if there is
a continuous function  : [0; 1]S1 ! F2 such that (0; x)=D1(x) and (1; x)=D2(x)
for each x 2 S1.
Let e=uv 2 E(G)−E(C). We say that e is trivial if G can be separated by e into an
outer-plane triangulation G1 and an outer-torus triangulation G2 such that G1 \G2 = e.
Otherwise, e is essential. Shrinking the outer face F of G into one vertex on the torus,
we obtain the graph ~G on the torus with exactly one vertex and many loops. A trivial
edge of G will be deformed into a trivial loop in ~G, while an essential edge will be
an essential loop in ~G. Two edges e1; e2 2 E(G) − E(C) are said to be homotopic if
in the graph ~G; e1 and e2 are deformed into two loops homotopic to each other.
Lemma 7. Each edge e 2 E(G)−E(C) is essential if and only if G has no vertex of
degree 2:
Proof. We rst show the necessity. If G has a vertex v of degree 2 with neighbors u1
and u2, then u1 and u2 must be adjacent and the cycle vu1u2 bounds a face of G. The
edge u1u2 is obviously trivial. Thus, the necessity holds.
Secondly we show the suciency. Suppose that G has a trivial edge e = uv. Then
e separates G into an outer-plane triangulation G1 and an outer-torus triangulation G2
such that G1 \G2 = e. It is well-known that every maximal outer-planar graph, except
K3, has two nonadjacent vertices of degree 2. Thus, G1 has a vertex w 2 V (G1)−fu; vg
of degree 2 and the vertex w has degree 2 in G, too.
The following lemma is straightforward by Lemmas 6 and 7.
Lemma 8. If G is pseudo-minimal; then each edge e 2 E(G)− E(C) is essential.
Lemma 9. If G is pseudo-minimal; then G has no vertex of degree 3:
Proof. Suppose that G has a vertex v of degree 3. Let x; y; z be the neighbors of v,
where vx; vz 2 E(C) and vy 62 E(C). Consider a simple closed curve L along vy and
through the center of F . By Lemma 8, L is essential.
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Fig. 3. G cut along L and L0.
Since the edge vx is not contractible, G has an edge xz. We have xz 62 E(C) and
xz is essential, by Lemma 8. (For if xz 2 E(C), then jV (G)j = 3, a contradiction.)
Consider a simple closed curve L0 along xz and through the center F . Since L and
L0 cross at one point in the center of F , cutting the torus along L and L0 yields a
rectangle shown in Fig. 3. Next we see two triangular faces xza and xzb containing
the edge xz. In Fig. 3, there are two thick lines between y and x, and between y
and z, which express the paths yp1   pnx and yq1    qmz, respectively. Observe that
each path has length at least 2. Otherwise, we can nd multiple edges xy or yz. Let
P = fp1; : : : ; png 6= ; and Q = fq1; : : : ; qmg 6= ;.
Notice that there is an edge between a and b. (Otherwise, after replacing xz with
ab by a diagonal ip, we can contract the edge vx, contrary to the pseudo-minimality
of G.) Since G is simple and each vertex appears on the boundary C of G, each of a
and b must coincide with a vertex in P [ Q. Up to symmetry, it suces to consider
the following two cases.
Case (1): a; b 2 P.
First suppose that a=pi with i>3. Then, in the 2-cell region bounded by xyp1 : : : pi,
we have pspt 62 E(G)− E(C) for any s; t with 16s< t6i, by Lemma 8, and hence
each of p2; : : : ; pi−1 is adjacent with x and has degree 3. Thus, the edge p1p2 is
contractible since y and p3 are distinct vertices. Thus, either a = p1 or a = p2. By
Lemma 8, we have b = pn, and moreover a = pn−1 since ab 2 E(C). The left- and
right-hand side in Fig. 4 show the cases when a= p2 and a= p1, respectively.
In the left-hand gure, since p1p2 is not contractible, p2y 2 E(G). Replace p2x
with p1z, and xz with p1p3 by diagonal ips in this order. Then, the edge vx is
contractible, a contradiction. In the right-hand gure, let p1zc be the triangular face
sharing p1z other than p1zx. Then we must have c 2 Q and suppose that c= qi. Since
we cannot join x and qi to make G, a diagonal ip can replace p1z with xqi. In the
resulting graph ~G, if p2 and qi are not adjacent, then after replacing xz with p2qi, the
edge vx is contractible, a contradiction. On the other hand, the case when p2 and qi
are adjacent in ~G can be regarded as the case when a 2 Q and b 2 P, which is a
symmetric case of Case (2).
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Fig. 4. Case when a; b 2 P.
Fig. 5. Case when a 2 P and b 2 Q.
Case (2): a 2 P and b 2 Q.
By the same argument as in Case (1), either a = p1 or a = p2, and b = qm and
ab 2 E(G) − E(C). Here we have to notice that a = pn−1. (Clearly, a 6= pn since G
has no multiple edges. If a=pi for some i6n−2, then the edge pn−1pn is contractible,
as in Case (1).) Moreover, by Lemma 6, pn is adjacent with qm. See Fig. 5.
Consider whether or not the edge ab(=pn−1qm) can be ipped. The diagonal ip
of pn−1qm is forbidden only if the diagonal ip of pn−1qm makes multiple edges
between pn and x since the neighbors of pn is fpn−1; qm; xg. Though we don’t know
the complete structure of G yet, the boundary zyq1    qmpn−1 of the remaining region
does not contain x, and hence such bad case does not happen. Thus, we can apply
the diagonal ip of pn−1qm. After the diagonal ip, the edge xz can be replaced with
pn−1qm, and in the resulting graph, the edge vx is contractible, a contradiction.
Lemma 10. If G is pseudo-minimal; then G has no vertex of degree 4:
Proof. Suppose that G has a vertex v of degree 4. Let x; y; z; w be the neighbors of
v in G in the cyclic order, where vx; vw 2 E(C). If either xz 62 E(G) or yw 62 E(G),
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Fig. 6. Case when yz 2 E(C).
then we can apply a diagonal ip of vy or vz, respectively, and hence we can reduce
the degree of v and Lemma 9 can be applied. So, we have xz; yw 2 E(G).
We consider the following two cases depending on whether or not the edge yz is
contained in C. In order to cut open the torus into a rectangle, we have to nd a pair
of closed curves on the torus which cross each other at one point.
Case (1): yz 2 E(C)
Consider two closed curves L and L0 on the torus (where G embeds) through the
center of the outer face F of G such that L and L0 are along the edges xz and yw,
respectively. Since yz 2 E(C) in this case, the union of the four faces F; vxy; vyz
and vzw forms an annulus on the torus, not a Mobius band, and hence the ve vertices
x; v; w; z; y appear on C in this cyclic order. Thus, we have xz; yw 62 E(C), and L and
L0 cross exactly once in the center of F .
Cut open the torus along L and L0. See the left-hand in Fig. 6. In the left-hand gure,
two thick lines between z and w, and between y and x express paths of length at least
2, denoted by zp1   pnw and yq1    qmx, respectively. Let P = fp1; : : : ; png 6= ; and
Q = fq1; : : : ; qmg 6= ;. Let a and b be the two vertices, other than y and w, of two
triangular faces sharing the edge yw, as shown on the left-hand in Fig. 6. By Lemma 9,
we may suppose that each vertex has degree at least 4. If a = x, then each pi must
have degree 3 by Lemma 8, a contradiction. Thus, we must have a=pn by Lemma 8
again. By the same argument, we can conclude that b=q1, as shown on the right-hand
side in Fig. 6. Since pnq1 62 E(G), we can ip vz after the diagonal ip of wy. We
have decreased the degree of v and we can apply Lemma 9.
Case (2): yz 62 E(C).
Consider two closed curves D and D0 on the torus (where G embeds) through the
center of F such that D and D0 are along xy and wz, respectively. Since degG(x)> 2;
degG(w)> 2, we have xy; wz 62 E(C). First suppose that two edges xy and wz are
homotopic on the torus. Then the edge yz is trivial since yz 62 E(C), contrary to
Lemma 8. Thus, xy and wz are non-homotopic and hence D and D0 are pairwise
non-homotopic essential closed curves crossing only at the center of F .
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Fig. 7. Case when yz 2 E(G)− E(C).
Cutting open the torus along D and D0, we obtain the left-hand side in Fig. 7. The
three thick lines between y and w, between z and x, and between y and z express
paths yp1 : : : ; pnw, zq1    qmx and yr1    rlz, respectively. Let P = fp1; : : : ; png, Q =
fq1; : : : ; qmg and R = fr1; : : : ; rlg. Notice that R 6= ;. (For otherwise, yz would be
multiple edges.) Remember yw; zx 2 E(G) since the degree of v cannot be decreased.
If P 6= ;, then y and w must be joined. However, if they are joined, then each ri has
degree 3 by Lemma 8. Thus, P = ;. By the symmetric argument, we have Q = ;.
Consider the triangular faces ayw and bzx incident with yw and zx, respectively.
Each of a and b coincide with one of r1; : : : ; rl. If a = ri for some i6l − 1, then all
of ri+1; : : : ; rl have degree 3 by Lemma 8, a contradiction. Thus, we have a = rl and
similarly b= r1, as shown on the right-hand side in Fig. 7. Here, since v and rl cannot
be joined, the edge wz can be replaced with vrl by a diagonal ip. In the resulting
graph, w has degree 3 and apply Lemma 9.
Now we can show Theorem 4.
Proof of Theorem 4. Suppose that there is a pseudo-minimal outer-torus triangulation
G other than K6 with at least 7 vertices. Then, by Lemmas 5 and 6, the minimum
degree of G must be either 3 or 4. However, it is impossible, by Lemmas 9 and
10. Therefore, the torus admits a unique pseudo-minimal outer-torus triangulation K6,
up to homeomorphism. By the denition of pseudo-minimality, every outer-torus tri-
angulation except K6 has a contractible edge after several diagonal ips. Since each
edge-contraction reduces the number of vertices by 1, it will reach 6, and hence the
theorem follows.
Theorem 4 can be strengthened with respect to the minimum degree condition.
Theorem 11. Every outer-torus triangulation with minimum degree at least 3 can be
transformed into K6 by a sequence of edge-contractions and diagonal ips; preserving
the minimum degree at least 3; up to homeomorphism.
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Proof. Let G be an outer-torus triangulation with minimum degree at least 3 and
let C be the boundary of G. Suppose that G can be transformed into an outer-torus
triangulation G0 by an edge-contraction or a diagonal ip. By Theorem 4, it suces
to show that if the minimum degree of G0 is 2, then there is another edge-contraction
in G preserving the minimum degree at least 3. Let v be a vertex of degree 2 in G0
and let x and y be its two neighbors.
We rst consider the case when G0 is obtained from G by an edge-contraction.
Observe that an essential edge in G is also essential in G0. Since the minimum degree
of G is at least 3, G has no trivial edge, by Lemma 7, and hence G0 also has no trivial
edge. Thus, G0 cannot have a vertex of degree 2, a contradiction.
Secondly we consider the case when G0 is obtained from G by a diagonal ip.
Suppose that the diagonal ip was done in the quadrilateral xvyz in G formed by the
two faces xvz and yvz. Since the degree of v in G0 is 2, the degree of v in G was 3.
Since degG(x)>3; degG(y)>3 and degG(v) = 3, we have xz; vz; yz 62 E(C) and hence
they are essential in G by Lemma 8. Thus, the degree of z in G is at least 5. Here the
edge-contraction of xv is the required one in G. The resulting graph, denoted by ~G, is
simple since xy 62 E(G). (For if xy 2 E(G), then the diagonal ip of vz transforming
G into G0 would break the simpleness.) Moreover, the degree of z is at least 4 in ~G.
Thus, ~G is an outer-torus triangulation with minimum degree at least 3.
3. Proof of theorems
Let G be an outer-torus triangulation and let C be the boundary of G. Let xy 2 E(C)
and suppose that xyz bounds a face in G. Subdividing xy by a single vertex v and
adding an edge vz, we obtain an outer-torus triangulation G0 with V (G0)j= jV (G)j+1.
In this case, we say that G0 is obtained from G by inserting a vertex of degree 3 on
the edge xy. The following lemma will show that a vertex of degree 3 inserted can be
moved to any edge on C.
Lemma 12. Let G be an outer-torus triangulation with minimum degree at least 3.
Let e and e0 be edges of G on the boundary C. If G1 and G2 are obtained from G
by inserting a vertex of degree 3 on e and e0 respectively; then G1 and G2 can be
transformed into each other by a sequence of diagonal ips; preserving the minimum
degree at least 3.
Proof. Let e = xy 2 E(C). Let a1; : : : ; ap and b1; : : : ; bq be the neighbors of x and y
in the same cyclic order, where a1xybqC and ap = b1. Suppose that G1 is obtained
from G by inserting v of degree 3 on e = xy. Apply diagonal ips which replaces
biy with bi+1v for i= 1; : : : ; q− 2, in this order. Each diagonal ip does not break the
simpleness of the graph since x 6= bi for any i and each bi has degree at least 3 during
this process. The resulting outer-torus triangulation with the vertex y of degree 3 can
C. Cortes, A. Nakamoto /Discrete Mathematics 216 (2000) 71{83 81
be regarded as one obtained from G by inserting a vertex y of degree 3 on the edge
bqv. Repeating this, the distance of e and e0 in C can be shortened.
Let G be an outer-torus triangulation with minimum degree at least 3, and let xyz
be a face of G such that xy is on the boundary C of G. Replace the edge xy by a path
xv1    vmy of length m+1 and join vi and z for i=1; : : : ; m. The resulting outer-torus
triangulation has the path m = v1    vm on C such that for each i; deg(vi) = 3. We
denote the resulting outer-torus triangulation by G+m. By Lemma 12, since a vertex
of degree 3 inserted can be moved to anywhere, any two outer-torus triangulations
with the same notation G + m can be transformed into each other by diagonal ips,
independent of the choice of the edge subdivided by the m vertices of degree 3. In
particular, put G = G + 0.
In the following three lemmas, let G and T be outer-torus triangulations with mini-
mum degree at least 3.
Lemma 13. If G can be transformed into T by one edge-contraction; then for any
non-negative integer k>0; G + k can be transformed into T + k+1 by a sequence
of diagonal ips; preserving the minimum degree at least 3:
Proof. Suppose that G can be transformed into T by one edge-contraction of an edge
xy. Since a vertex of degree 3 inserted can be moved to anywhere by Lemma 12,
we may suppose that in a xed outer-torus triangulation, denoted by ~G, represented as
G + k , the k vertices of degree 3 are inserted on an edge other than xy. Let ~T be
the graph obtained from ~G by contracting xy.
Let a1; : : : ; ap and b1; : : : ; bq be the neighbors of x and y in ~G, respectively, in the
same cyclic order, where a1xybqC and ap = b1. Since xy is contractible in G, it
is also contractible in ~G. Hence we have bjx 62 E( ~G) for j = 2; : : : ; q − 1. Otherwise,
the edge-contraction of xy yields multiple edges in ~T , a contradiction. So, we can
replace bjy with bj+1x by diagonal ips for j = 1; : : : ; q − 2 in this order, preserving
the simpleness of the graphs and the minimum degree at least 3. Here observe that the
resulting graph is isomorphic to ~T + 1. By Lemma 12 again, since ~G and ~T + 1
can be transformed into each other by a sequence of diagonal ips, so are G+k and
T + k+1.
Lemma 14. If G can be transformed into T by one diagonal ip; then for any
non-negative integer k>0; G+k can be transformed into T +k by a sequence of
diagonal ips; preserving the minimum degree at least 3.
Proof. Suppose that the diagonal ip which transforms G into T is applied to an edge
xy and that the union of the two faces of G sharing xy is bounded by axby. Let ~G be
a xed outer-torus triangulation represented as G + k and let ~T be the one obtained
from ~G by the diagonal ip of xy. If in ~G, k is inserted on an edge other than one
not in axby, then ~T can be obtained directly. On the other hand, if k is inserted on
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one of edges of axby, then apply the diagonal ip of xy after moving k on an edge
not in axby.
Lemma 15. Suppose that G can be transformed into T by a sequence of diagonal
ips and edge-contractions; preserving the minimum degree at least 3: Then; can be
transformed into T + m by a sequence of diagonal ips; preserving the minimum
degree at least 3; where m= jV (G)j − jV (T )j.
Proof. Let G=H1; : : : ; Hl=T be a sequence of outer-torus triangulations with minimum
degree at least 3 such that Hi+1 is obtained from Hi by either a diagonal ip or an
edge-contraction, for i=1; : : : ; l− 1. Observe that a diagonal ip preserves the number
of vertices of outer-torus triangulations while an edge-contraction decreases that by 1.
Thus, the number m= jV (G)j− jV (T )j coincides with the number of edge-contractions
in the sequence from G to T . When Hi+1 is obtained from Hi by an edge-contraction,
apply Lemma 13. When Hi+1 is obtained from Hi by a diagonal ip, apply Lemma 14.
Then the sequence H1; : : : ; Hl of diagonal ips and edge-contractions can be translated
into the corresponding sequence H1; : : : ; Hi + jV (Hi)j−jV (Hl)j; : : : ; Hl + m of diagonal
ips, where any two consecutive graphs in the sequence are related by one or more
diagonal ips.
Now we shall prove our main theorems.
Proof of Theorem 2. Let G be an outer-torus triangulations with n vertices whose
minimum degree is at least 3. By Theorem 11, G can be transformed into K6 by a
sequence of diagonal ips and edge-contractions, preserving the minimum degree at
least 3. Then, by Lemma 15, G can be transformed into K6 + n−6 by a sequence of
diagonal ips, preserving the minimum degree at least 3. Thus, any two outer-torus
triangulations with n vertices can be transformed into each other by a sequence of
diagonal ips, preserving the minimum degree at least 3, via the form K6 + n−6.
Proof of Theorem 1. To use Theorem 2, we have only to show that an outer-torus
triangulation G with several vertices of degree 2 can be transformed into one with
minimum degree at least 3 by a sequence of diagonal ips. If G has a vertex of
degree 2, then G has a trivial edge e, by Lemma 7. Suppose that e separates G into an
outer-plane triangulation G1 and an outer-torus triangulation G2 so that G1 is maximal,
that is, there is no outer-plane triangulation G01, separated from G by a trivial edge,
which includes G1 as a subgraph of G01.
Suppose that e= xy is shared by two triangular faces vxy and uxy in G, where v 2
V (G1) and u 2 V (G2). Clearly, we can apply a diagonal ip of e since uv 62 E(G),
and the edge uv added is essential in the resulting graph G0. Thus, G0 has a fewer
number of trivial edges. In this way, we can decrease the number of trivial edges.
Now consider the labeled version of Theorem 1.
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Proof of Theorem 3. Let G and G0 be two vertex-labeled outer-torus triangulations
with n vertices such that their vertex-labelings of the boundaries are equivalent, up to a
cyclic permutation. By Theorem 1, they can be transformed into each other by diagonal
ips, via the form K6 +n−6. Thus, it suces to show that for a xed vertex-labeling
R, say R = 12    n, of the boundary of K6 + n−6, we can shift the labeling. That
is, we show that for each i, we can give the label i + 1 to the vertex which was
labeled i, where each label is taken modulo n. If n= 6, then the automorphism of K6
which maps a vertex labeled i to one labeled i + 1 for each i can be realized by an
auto-homeomorphism of the torus. So, we suppose n>7. First suppose that f1; : : : ; 6g
are assigned to the vertices of K6 and f7; : : : ; ng to the vertices of degree 3 inserted.
By diagonal ips, decrease the degree of the vertex labeled 1 from 5 to 3 and increase
the degree of the vertex labeled n from 3 to 5. Then, in the resulting graph, the vertex
labeled 1 and those labeled 7; : : : ; n − 1 have degree 3. Repeating this operation, we
can make the vertex-labeling of K6 + n−6 such that fn; 1; : : : ; 5g is assigned to the
vertices of K6 and f6; : : : ; n− 1g is to the inserted vertices of degree 3.
The vertex-labeled version of Theorem 2 also holds since in the sequence of shifting
labels in K6 + m, the minimum degree at least 3 is always preserved.
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